A control chart is one of the effective tools in statistical process control (SPC) for improving productivity, reducing defective products and providing diagnostic information. Control charting techniques have gained increasing importance recently due to the rapid advancement in technology. Many industries tend to use control charts to monitor the quality of their products or services. The adoption of variable sample size and sampling interval (VSSI) strategy significantly improved the sensitivity of Shewhart X chart in detecting small and moderate process mean shifts, in terms of average time to signal (ATS) criterion when the process shifts are specified. However, for some scenarios in real industries, the process shift size is not set to a specific value. In this case, the expected average time to signal (EATS) can be used as a measure of performance when the process shift is unknown. The EATS of the optimal VSSI X chart is numerically evaluated based on a Markov chain approach. The findings show that the VSSI X chart prevails over the Shewhart X chart under comparison. Being able to vary the sample size and sampling interval, a practitioner will have more flexibility and better control of the process and at the same time is able to detect an out-of-control signal quicker. Index Terms-Expected average time to signal, Markov chain, process mean, variable sample size and sampling interval.
I. INTRODUCTION
The continuous development of SPC is driven for on-line quality control in mass production systems. It improves the quality of products and increases profits, as well as reduces errors and rework in a process. Dr. Shewhart presented the first control chart as X chart in 1924. The applications of control charts are widely implemented in real industries. This can be shown through a wide variety of recent research publications (see [1] - [4] , to name a few). Reference [5] illustrated the use of control charts in the manufacturing industry, to a product of Swat Pharmaceutical Company. Control charts were used to analyze, control and improve accounting processes [6] . For example, it could be used for detecting the errors in payroll function and tax preparation. Reference [7] applied the control charts in dairy herd Manuscript management. Additionally, the control chart is commonly applied to monitor the manufacturing process [8] .
The Shewhart X chart is not sensitive in detecting small and moderate process shifts. To circumvent this problem, adaptive strategies were adopted into the Shewhart X chart. A control chart is considered adaptive when at least one of its designed parameters varies as a function of process data [9] . Reference [10] revealed that the designs of adaptive types chart are extensively explored by researchers. Numerous research showed that adaptive strategies significantly improved the capability of control charts in detecting small and moderate process shifts [11] - [13] .
The first adaptive chart was proposed by varying the sampling interval, namely variable sampling interval (VSI) X chart [14] . Another set of studies focus on adapting the sample size (VSS) was investigated by [15] and [16] independently. Subsequently, both the parameters for sample size and sampling interval (VSSI) were made variable [17] . Reference [18] introduced a variable parameter (VP) X chart by varying the sample size, sampling interval and constant width.
A VSSI scheme is one of the adaptive control charting methods. It is well known that the VSSI scheme has been proven to be practically useful in industries compared to non-adaptive counterparts. The VSSI scheme is a practical and flexible approach in increasing the effectiveness of the Shewhart X chart, for detecting small and moderate mean shifts. The X chart provides the flexibility to quality practitioners for varying the sample size and sampling interval.
Consequently, research involving VSSI control charts continue to generate interest among researchers over the years and the VSSI scheme have been incorporated into a wide variety of different types of control charts. For example, an optimal VSSI mean squared error control chart was investigated to monitor the process mean and variance [19] . Reference [20] suggested a special VSSI chart for the process mean, with two variable sampling intervals, three sample sizes, two sets of warning limits, and a set of control limit. The optimal VSSI X chart was also proposed by using the estimated parameters [21] and adjusted loss function [22] . Reference [23] introduced the VSSI median control chart with estimated parameters and measurement errors while reference [24] studied the effect of measurement errors on the performance of the VSSI X chart. References [25] and [26] considered the VSSI chart for the process mean using auxiliary information and the coefficient of variation, respectively. More recently, a new VSSI risk-based X chart was presented by [27] .
Meanwhile, the implementation of the VSSI charts for monitoring the multivariate process is proposed. Reference [28] discussed the implementation of the VSSI Hotelling's T 2 chart with the combination of three sample sizes and two sampling intervals. The VSSI multivariate coefficient of variation chart was developed to monitor certain processes which the mean and variance of the process data may not vary independently of each other [29] . After the statistical design of the VSSI Hotelling's T 2 was proposed, the proposed chart was economically designed to investigate the implementation costs of the chart [30] .
The existing literature measures the performance of VSSI X chart in terms of average time to signal (ATS) criterion. Note that ATS is the average time required to detect an outof-control signal from the time of an occurrence of a process shift. Thus, for an out-of-control process, the smaller the ATS value, the better the chart is, when the in-control ATS ( ) 0 ATS is specified at the desired value. However, in some of the real-life situations, the process shift size is not set to a specific value. This causes difficulty in measuring ATS performance. In this paper, the VSSI X chart is evaluated in terms of expected average time to signal (EATS), in monitoring the process shifts range. Section II reviews the properties of the VSSI X chart. Meanwhile, the computation of the ATS and EATS values are derived using a Markov chain approach. Section III compares the performances of the Shewhart X and VSSI X charts, in terms of ATS and EATS criteria. Conclusions are drawn in Section IV.
II. VSSI X CHART
The VSSI X chart varies the sample size (n) and sampling interval (t) parameters. The warning limits (i.e. upper warning limit, UWL and lower warning limit, LWL) and control limits (i.e. upper control limit, UCL and lower control limit, LCL) are employed to divide the VSSI chart into three regions, namely central, warning and out-ofcontrol regions. For the VSSI X chart, the sample size is varied between small ( ) 
where 0  is the mean of the process when the process is incontrol, i X  is the standard deviation of the X , for i = 1, 2.
k and w are the control and warning limit coefficients, respectively, with kw  . In this paper, a single value of w and k is adopted to simplify the implementation and operation of the VSSI X chart [17] . The operation of the VSSI strategy (see Fig. 1 ) that adopted by [17] is implemented according to the following rules:
(i) if the ( ) To ensure a fair comparison between the VSSI X and Shewhart X chart, their in-control performances must be matched. The VSSI X chart is designed so that its 
The ATS of the VSSI X chart is obtained as
is the vector of starting probabilities such that 21 
In the computation of ATS, the process shift sizes need to be specified a priori. Hence, the EATS is vital to measure the statistical performance in situations where practitioners could not specify the process shift size. For the non-adaptive type control chart, a similar type of performance measure was employed, namely expected average run length (EARL). In this paper, the in-control EATS ( 0 EATS ) is set equal to the 0 ATS , whereas the out-of-control EATS is obtained as ( ) ( )
where ( ) f   refers to density probability function of  . If no information of ( ) f   is available, it is reasonable to assume that  follows a uniform distribution over the interval ( min max , ), where min  and max  are defined as the minimum and maximum shift size, respectively [26] .
The values of 0 0 1 , , , n t t k and 0 ATS are specified. If ATS is used as a performance criterion, then specify  . Conversely, if EATS is used as a performance criterion, then specify min  and max  . In this paper, the optimal parameter ( ) , as these ( ) 12 , nn combinations practically cover a wide range for applications in manufacturing and industrial settings [26] . The parameters 2 t and w can be obtained using formulae ( ) ( )
and ( ) ( )
The optimization procedure to compute the optimal parameter ( ) (11)) with the optimal parameter combination ( )
, , , n n t w obtained from Steps 1 -3.
Step 5: Let 1 1 n + while maintaining the same value of 2 n .
Step 6: Repeat Steps 3 -5 until 10 can be viewed as a guideline. The practitioner will decide the maximum value of the sample size by depending on the requirement of the process.
Step 9: Select the parameter combination ( ) 
III. NUMERICAL COMPARISON
The Shewhart X chart has its sampling interval set as t = 1. Thus, the chart's average run length (ARL) value are similar to VSSI X chart's ATS value because ATS=ARL t  . Then, the initial sampling interval of the VSSI X chart should be set as unity. The 0 ATS is set equal to 370. Table I shows the VSSI X chart's optimal parameters, i.e. 1 t  {0.10, 0.25}. The optimal VSSI X chart is compared with the Shewhart X chart. To ensure a fair comparison between the VSSI X and Shewhart X chart, the n and t of the Shewhart X chart are set equal to the 0 n and 0 t of the VSSI X chart. It is clear that the VSSI X chart generally outperforms the Shewhart X chart, for all process shifts and sample sizes. For example, from Table III ,  = (0.50, 2.00), 0 3 n = and 1 0.10 t = , 1 EATS = 3.45 and 11.31 for the VSSI X and Shewhart X charts, respectively, where it is obvious that the VSSI X chart has the smallest 1 EATS value. In real-life situations, the practitioners rarely know the exact process shift size in the process monitoring. Based on the results in Table II , the VSSI X chart is a better choice for detecting process shift if the exact shift size cannot be specified. 
IV. CONCLUSION
In this paper, the performance of the VSSI X chart is evaluated in terms of the EATS criterion. The optimal parameters are computed to minimize the 1 EATS values for all considered process shift ranges. No attempt has been made in the current literature; hence, it could be viewed as a useful suggestion, and especially in real-life situations that practitioners rarely know the exact process shift sizes. The VSSI X chart [17] has been successfully proved that it is an effective chart for monitoring the process mean, in terms of ATS criterion. The results indicate that the VSSI X chart is superior to the Shewhart X chart, in terms of ATS and EATS criteria. The VSSI X chart can be superimposed on the Shewhart X chart, this means that the computational difficulty between the VSSI X and Shewhart X charts is not much different. Therefore, it should be given higher consideration than the Shewhart X chart. Additionally, the flexibility in varying the sample size and sampling interval is able to reduce the cost of the process and at the same time is able to detect an out-of-control signal quicker. Due to certain constraints in real-life situations, practitioners are able to change the VSSI X chart to the VSI X or VSS X charts, by fixing the sampling interval or sample size, respectively. Thus, the practitioners can select his preferred optimal chart to monitor the process mean for their desired situations. In future research, the evaluation of the EATS performance can be extended to other advanced control charts, such as run sum, exponentially weighted moving average (EWMA) and cumulative sum (CUSUM) control charts.
